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I € P(R) o-ideal s.t.
1. I contain singletons, i.e. [R]* C [,
2. | has Borel base, i.e. (VI € I)(3B € Borelnl)(/ C B),

3. [ is translation invariant, i.e.
(MleD(VxeR)(x+1={x+i:iel}el).

A o-ideal of null sets and
M o-ideal of all meager subsets of R.



Definition
Let A C R. We say that

1. Ais I-nonmeasurable if A does not belong to the o-algebra
generated by Borel sets and o-ideal /;

2. Ais complete /-nonmeasurable if AN B is /-nonmeasurable
for every Borel set B which does not belong to /.
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1. Ais I-nonmeasurable if A does not belong to the o-algebra
generated by Borel sets and o-ideal /;

2. Ais complete /-nonmeasurable if AN B is /-nonmeasurable
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The folowing conditions are all equivalent:
1. Ais completely /-nonmeasurable,
2. AnBand AN(R\ B) does not belong to / for every Borel
set B such that B,R\ B ¢ I,

3. A intersects every Borel set which does not belong to / and
does not contan any of such sets.



Steinhaus property

Definition
We say that / has Steinhaus property if

(VA € Borel\/)(VB ¢ I)(A — B contains an open interval )

where A—B={a—b: ac A be B}.
A and A has Steinhaus property but RS¥ not.



Theorem
Assume | has Steinhaus property. Then there exists a partition
P C | of R such that for every A C P

UA is I-nonmeasurable

4

U A is completely |-nonmeasurable.



Finite sets

Theorem
Let P C [R]<“ be a partition of R. Then

1. there is Ay C P such that | J Ao is completely
[-nonmeasurable;

2. there is A1 C P such that | J.A; is [-nonmeasurable but is not
completely [-nonmeasurable.



Countable sets

Theorem
Assume that P C [R]=% is a point-countable cover of R. Then we
can find A C P such that |J A is completely [R]=*-nonmeasurable.
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Theorem (—~CH)

Assume that P C [R]<¥ is a partition of R. Then we can find
A C P such that |J A is [R]<“-nonmeasurable but is not
completely [R]<“-nonmeasurable.
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Theorem (CH)
There is P C [R]=“ a partition of R such that for any A C P

U.A is [R]=¥-nonmeasurable

4
U A is completely [R]=*-nonmeasurable.

Proof.
Enumerate {B¢ : £ < w1} of all perfect subsets of R.
Choose partition P = {X¢ : £ < w1} € RS of R such that for

every 0 < «
Bﬁmxa#w

Set A C P such that |A| =[P\ Al =w;
Then BeNJA# 0 and BeNJ(P\A) #0



Characterisation of Continuum Hypothesis

The following statements are equivalent:
1. CH,
2. there is P C [R]¥ a partition of R such that for any A C P

U A is [R]=“-nonmeasurable

0

UA is completely [R]=“-nonmeasurable.



Definition (Marczewski ideal sp)

Let X be any fixed uncountable Polish space. Then we say that
A€ P(X)isin s iff

(VP € Perf(X))(3Q € Perf(X)) QCPAQRNA=1.



s - measurability

Definition (s-measurable set)

Let X be any fixed uncountable Polish space. Then we say that
A € P(X) is s-measurable iff

(VP € Perf(X))(3Q € Perf(X)) QC PA(QC AV QNA=0).

For every tree T C w<% let [T] be an envelope of T which is
defined as follows:

[T]={xew’: (Vnew)x|ne T}



| - measurability

Atree T C w<¥ is called a Laver tree, iff,

» (3seT)(Vte T)sCtVvtCs

» (VteT)sCt—{ncew: tTneT}ew”
Definition (ideal f)
We say that A € P(w¥) is in fy iff

(VT eLT)3QeLT)QC TA[QINA=0.

Definition (/-measurable set)

We say that A € P(w”) is I-measurable iff for every Laver tree
T € LT there is a Laver tree S € LT such that

(SCTA[SJCAV(SCTA[S]INA=0).



Miller tree

Atree T C w<¥ is called a Miller tree, iff,
» (3seT)(VteT)sCtvtCs
» (VteT)sCt—- 3t eT)(tCt)AN{new: tTneT}e
[w]*

mg and m-measurability is defined as in Laver tree case.



Theorem

There exists a m.a.d. family of functions A C w* such that A is
not s, |, m-measurable at the same time, and there is an
dominating subfamily A’ € [A]=° in Baire space w“.



Proof

Let us inscribe dominating family Z € [w*]° into envelope of a.d.
Laver tree T C 4N<% and choose

» a.d. perfect tree S C (4N + 1)<¥
» a.d. Miller tree M C (4N + 2)<%
» a.d Laver tree L C (4N + 3)<¥

Let us enumerate Perf(S) = {T, : o < ¢} a family of all perfect
subsets of S and analogously Miller(M) = {M,, : a < ¢},
Laver(L) = {Ly : o < c}.



By transfinite recursion let us define
{We € [S]? X w® X [M]? x w® x [L]* x w” : v < ¢}

where w,, = (a3, d3, x5, aT, d™, x7, al,, d!, x!) for any a < ¢, and

such that for any o < ¢ we have:

1. a,d; €S,

2. {af{<apn{d;:{<a} =0,
3.{gf:{<auU{x:{<a}isad,
4. ¥*®n x5(n) = d5(n) but x5 # dS.



By transfinite recursion let us define
{We € [S]? X w® X [M]? x w® x [L]* x w” : v < ¢}

where w,, = (a3, d3, x5, aT, d™, x7, al,, d!, x!) for any a < ¢, and

o) Vo) Mo a0 Ya ) Ma ) Yo Mo Mo
such that for any o < ¢ we have:

1. a5, d5 € Sa,

2. {af{<apn{d;:{<a} =0,
3.{gf:{<auU{x:{<a}isad,
4. ¥*®n x5(n) = d5(n) but x5 # dS.
5. a7, d" € M,,

6. {af' : & <atn{df:{<a} =0,
7. {afE<atU{x:{<a}isad,
8. V°n x(n) = dJ(n) but xJ" # d7.
9. al,d € L,,
10. {aé:§<a}ﬂ{d€’:§<a}:@,
11. {aé €< a}U{xgl € <atisad,
12. v*°n x!(n) = d!(n) but x| # d_.



By transfinite induction theorem we have required sequence of the
length ¢. Now set

As=20U{a, ra<ctU{xS: a<c},

An=20U{al a<cU{xT a<c}

and
Al=90U{ad, ;a<du{x, a<c}

and let us extend the family A = 2U As U A, U A, to any
maximal a.d. family A. It is easy to check that A is required s, m
and /-nonmeasurable m.a.d. family in the Baire space w® with a
dominating subfamily of size &, what completes this proof.



Theorem
There are subsets A, B, C of the w* such that

» A is [-measurable and not s-measurable,
» B is m-measurable but not s-measurable,

» C is [-measurable but not m-measurable.



Theorem
There are subsets A, B, C of the w* such that

> A is |-measurable and not s-measurable,
» B is m-measurable but not s-measurable,
» C is [-measurable but not m-measurable.
Moreover, if b = ¢ then
> there is a not [-measurable set which is s-measurable
> there is a not m-measurable set which is s-measurable

» there is a not [-measurable set which is m-measurable.



Thank You for your attention



